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Abstract

Humans can flexibly solve novel, complex problems by
planning. This involves forming an internal model of a
task, reasoning about possibilities in that model, and se-
lecting effective actions. However, these cognitive oper-
ations are costly and humans have limited cognitive re-
sources, necessitating the use of resource rational plan-
ning strategies. Here, we analyze the interaction of two
broad strategies: heuristic tree search and task simpli-
fication. We propose a framework for interleaving tree
search with task simplification, present a concrete algo-
rithmic instantiation of this approach, and prove it finds
the optimal policy in problems composed of discrete ob-
jects where the task is to reach a goal configuration in
as few steps as possible. When applied to tasks such as
Rush Hour and Sokoban, our approach significantly de-
creases the total amount of computation required to find
a solution. These results reveal how the interaction of re-
source rational strategies can lead to efficiencies above ,

and beyond the individual strategies. 0

Keywords: planning; resource rationality; tree search; heuris- 53
tics; abstraction 54

55

Introduction 5

Imagine selling your nightstand and the buyer has just arrived s7
to pick it up. Now you have to come up with a plan to get the ss
nightstand to their car, but there’s many other pieces of fur- s
niture blocking a direct route, not to mention your apartment so
does not provide much space for maneuvering heavy objects. s
When faced with scenarios involving many moving parts and ez
interactions (e.g., Figure.[T), planning is challenging because &3
the space of possible configurations is vast and people have e4
limited cognitive resources such as time, memory, and atten- s
tion. This necessitates the use of resource rational planning es
strategies (Lewis et al., 2014 Griffiths et al.,|2015). 67
Both classic and recent work in cognitive science explores ss
the cognitive strategies that people use to efficiently plan in ee
novel situations. Two strategies that have attracted particular 7o
attention are heuristic tree search (Huys et al.,2012;|Callaway| 71
et al., |2022;|Van Opheusden et al.,[2023) and task simplifica- 72
tion (Ho et al., 2022; |da Silva Castanheira et al.| 2025} |Cheni7s
et al.,|2026). The intuition behind heuristic tree search is to re- 74
duce costs by focusing planning on the most promising parts 75
of a task space (Figure [2A). For example, even though you 76
could move your nightstand into your bathroom and put it in 77
the bathtub, there is no benefit to considering that configura- 7s
tion since it is far from your current state (the nightstand being 7e
in the bedroom) and far from your goal (getting the nightstand so
to the front door). Instead, you should search through the tree e
of possible states and actions, roughly in the direction of your s2

A B

—®

Figure 1: Furniture moving example. A: The goal is to move
the nightstand to the exit. Furniture may only be moved
along the indicated axes, and may not be stacked on top of
each other. B: Factor graph of interactions between furniture.
Grayed out edges indicate interactions which are not impor-
tant for solving the task.

goal, guided by a heuristic (Newell & Simon| (1972} Keramati
et al., |2016).

Task simplification also reduces cognitive costs, but recent
work has primarily focused on reducing the complexity of a
planning representation, rather than reducing the computa-
tions involved in performing planning (Ho et al.l [2022). For
example, a task representation that includes the nightstand,
the bed, the couch, and a TV is more complex than one
that includes only the nightstand and bed because it requires
maintaining a representation with more entities. Similarly, rep-
resenting a building as a single, undifferentiated obstacle is
easier than representing a building and its individual rooms
because the former involves considering strictly fewer details,
although the latter representation affords identifying shortcuts
through buildings (Ho et al., [2023).

Here, we seek to understand how synergistic interactions
between tree search and task simplification can facilitate more
efficient planning. Our analysis is motivated by the observa-
tion that tree search and task simplification are nested compu-
tational processes: Selecting a representation of a task con-
stitutes an “outer loop” while planning on a particular repre-
sentation (e.g., by using heuristic tree search) is an “inner
loop”. Such outer-inner loop processes are common in meta-
reasoning and resource rational accounts (Lieder & Giriffiths,
2020;|Bhui et al., [2021)), but constitute a fundamental dilemma
for the approach because solving meta-problems naively is of-
ten more computationally intractable than solving a problem
directly (Russell & Wefald, [1991}; |Rich et al., [2020). We pro-
pose that at least in the case of task simplification and tree
search, this dilemma can sometimes be overcome and may
provide more general insight into feasible resource rational
strategies.

Specifically, we provide an algorithmic framework for ana-
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lyzing how interleaving task simplification/refinement with treerss
search can significantly reduce the total cost of planning. In-iss
spired by ideas in classical planning (Ghallab et al., 2016) andiss
formal verification (Lee & Seshia, 2016), our approach buildsis7
on the idea of iteratively refining a representation and reusingiss
solutions as heuristics. In our furniture moving example, thistse
approach would suggest that the person first forms a plan tor4o
move out the nightstand without any regards to other furniture.
Realizing this plan can not be executed, pieces of furniture'®'
that are in the way such as the bed would be added to the,,,
representation, and a new plan would be formed. Importantly,
the information from the previous plan would be used initializet43
the new plan, allowing the reuse of previous computations. 144
We instantiate this notion of iterative refinement and reuse'
in a concrete algorithm, Iterative Construal Refinement (ICR),1
and provide a mathematical proof that it returns the optimal147
policy given certain domain structures. We then apply the aI-14
gorithm two complex planning tasks, Rush Hour and Sokoban,
previously used to study human behavior (Jarusek & Pelanek|
2010} [Bockholt & Zweig) [2015; [Berke et all, [2024; [Olieslagers|*
et al., [2025; |Chu et al., |2025). We find that when a domain,,
satisfies an admissibility condition, iteratively refining a rep-,,
resentation while retaining heuristic information leads to sig-.,
nificantly fewer planning operations. Even when the domain,,,
does not satisfy this condition, we find that the algorithm can,,
provide computational benefits. 156
157

Computational framework 158

We aim to characterize interactions between tree search and'>®
task simplification in a unified formal framework. This sec-'®
tion starts by introducing the basic building blocks of our'®’
approach, including the standard formulation of sequential'®?
decision-making and planning problems in terms of Markov'®®
Decision Processes (MDPs) (Sutton et al.,[1998), a formalism'®*
for task simplification and refinement in terms of compositions'®®
of MDPs, and LAO* (Hansen & Zilbersteinl 2001), a general-
purpose tree search algorithm for MDPs. We then present
Iterative Construal Refinement (ICR), an algorithm in which
solutions to simpler versions of a problem (moving a piece of
furniture without taking into account other pieces) are used as
heuristics for more complex refinements of the problem (mov-
ing a piece of furniture and taking into account all furniture
in the house). Finally, we prove that subject to certain con-
straints on the structure of the MDP and task construals, ICR
is guaranteed to converge to the optimal policy.

Simplified Task Representations

We first review some standard definitions (Sutton et al.|tes
1998): An MDP is a tuple {5,4,R,T), where S is a statete?
space, A is an action space, R: S x A4 — R is a re-es
ward function, and T : § x 4 — A(S )F_] is a transition func-ses
tion. A policy, m: S — A(4), maps states to distribu-170
tions over actions, and the value of a policy  from a statei”t
172

TA(X) denotes the set of probability distributions over a set X. 173

s € S is the expected future cumulative reward, V*(s) =
E~n(lsr)sps1~T Clspar) [ oo R(Se,ar) [ s0 = s].

We further assume people plan over a factored task repre-
sentation (Guestrin et al.,|2003), in which state spaces, action
spaces, transitions, and rewards result from composing sim-
pler component MDPs. Formally, a factored task representa-
tion is a tuple (I, 7,{M}ic1,{F;} jes), Where:

* [ is an index set for component MDPs
* 7 is anindex set for component interactions

* {M;}c1 is a set of component MDPs. We denote each com-
ponent MDP M; and its state space, action space, transition
function, and reward functions as {S;, 4;, T;, R;)-

* {Fj}jey is a set of component cause-effect relations. Each
F; = (I;,0j) is defined by a scope I; < I representing
the component MDPs that interact, and a function ¢; :
Xier, Si — [0, 1] that represents the probability of success-

fully transitioning to a joint state s & X ;.. Si-

A factored representation is useful because it enables us to
define a space of simplified task construals, ad hoc task rep-
resentations used for planning (Ho et al., 2022).

Intuitively, a construal corresponds to attending to a subset
of entities and cause-effect relations in a task. For example,
consider the example task of moving out a nightstand (Fig-
ure , taking into account 4 other objects: I = {1,2,3,4}
(bed, couch, television, and plant in the example). A construal
that includes the agent with the nightstand and 2 other ob-
jects (bed and couch, C = {1,2}) then induces a construed
task with its own state space (i.e., states that only include
the agent with the nightstand, the bed, and the couch); action
space (i.e., actions involving those objects); and causal rela-
tionships (i.e., only those that involve interactions between the
objects).

Formally, a construal is a subset of component MDP in-
dices, C < I, and we define a construed MDP M as con-
sisting of a Cartesian product state space S¢c = X ;. Si; a
union sum action space; A¢c = | J;c{(i,a) | a € 4;}; a con-
strued reward function R (s, (i,a)) = R;(s;,a) where s € S¢,
(i,a) € 4, and s; denotes the component i of s; and a con-
strued transition function:

Te (S/ | S, (laa)) = (1)

<¢C(S/)T1(S§ | si,a) + (1 ¢C(s/))15,,-—5i> [T 1=

ke C\{i}

where ¢c(s’) is the product of cause-effect relations
with scopes in the construal C, that is, ¢c(s") =
er{jeyu,-gC} ¢r(s’), and 1p is 1 if P is True and O otherwise.
In other words, if the product is zero (e.g. an object is over-
lapped with another), then the transition probability is zero for
all ', except s’ = 5. If the product is one, then the transition
is applied in the component MDP M;, leaving the states in the
other component MDPs unchanged.
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Figure 2: Heuristic tree search (inner loop) and task refinement (outer loop). A: Heuristic search state spaces. S is the set of all
states, Sexplored is the set of states explored by the heuristic tree search algorithm, § * is the set of states visited by the optimal
policy * starting at the initial state sg. A heuristic is useful to the extent that the states explored is smaller than the full state
space. B: Construal lattice for a problem with 4 construable objects. C: Example Rush Hour construals corresponding to vertices

in the lattice. C* denotes the optimal construal.

Given a construed MDP M-, its optimal value function at arez
construed state s € S is: 198
199

0
VE(s) = argrnaxIELt e [ZRC st,ar) | so = 51 200

t=0 201

202
and the unique optimal stochastic policy, which chooses uni-, .

formly over optimal state-action values, Q% (s,a) = R¢(s,a) +,,,
Er. [VE(s')], is denoted as Tk (a | s), with s € S¢, a € Ac.,,,
For a given construal C, we refer to V* and nC as the corre-
sponding construed value and construed policy, respectlvely206
Additionally, in this work, V* = V}* and n* = ©t}, that is, we™
denote the optimal value function and policy for the full con**

strual I as functions without any subscript. 208
210

Partial ordering of construals 211

Since a construal can be any subset of I, the set of all con#'

struals is the powerset of I. This set has a partial ordering?"®
forming a complete, distributive lattice, where nodes represent'*
construals, and edges represent adding or removing an object'®
(Figure[2B). This partial ordering allows us to define the notior?'®
of a refined and abstracted construal. A refined construal ¢’ is?"”
a construal with more objects/constraints than an abstractec?'®
construal C, where C< C' < I. 219

A natural question is to ask whether we can solve an ab-z2
stracted version of the task. An abstracted construal woulckz
contain fewer objects and planning might be less computation-z2
ally expensive. However, if we take this to the extreme, anckes
plan in the empty construal, our plan might not be of any usezes
when we try and execute it because the objects we abstractedes

might be of importance. Instead, we might want to plan in an
abstract construal, and then consider a more refined construal
to ensure that our plan can be executed.

The next question that comes up is then, how do construed
values and policies relate to the real target of planning: behav-
ing optimally in the actual task (e.g., in the full construal of the
problem)? More to the point, how do values in simpler con-
struals relate to values in more complex construals, including
those of the fully detailed task?

In general, this relationship can be arbitrary. For example,
imagine navigating through a university campus to a specific
lecture hall and consider three possible construals of campus
of increasing complexity: (A) a construal that represents build-
ings as impenetrable objects; (B) a construal that also repre-
sents the layout of classrooms in buildings; and (C) a construal
the also represents which classrooms currently have classes
in them. Construals A, B and C are all strictly increasing in
complexity in the sense all the details of A are in B and all of
those in B are in C. However, the construed values of A, B, and
C are not similarly ordered: Under A, one should take a long
route around buildings (lower value); under B, one should take
a shortcut through the classrooms (higher value); but under C,
one should take a long route similar to A (lower value).

This shows that iterative refinements of task construals may
produce solutions that lack a systematic relationship to one
another. However, in some domains there exists a principled
relationship between the complexity ordering and value order-
ing over construals, and, moreover, that this ordering can be
leveraged to improve the efficiency of heuristic tree search.



226
227
228
229
230
231

232

233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257

We make this intuition more precise by introducing the idea
of an admissible ordering: a relationship between construals
which tells us that the optimal value of a state in a refined con-
strual is less than or equal to that of a more abstract construal.
We prove that this is a sufficient condition that guarantees ICR
converges to the optimal policy (Supplementary Information).

Iterative Construal Refinement

ICR (Algorithm[T) starts by initializing an empty construal, and
plans on this using a heuristic search algorithm with a heuris-
tic initialized at O everywhere. This provides the initial value
function and policy for the main loop. The main loop consists
of four parts: (1) The algorithm adds an object to the construal
on every iteration. (2) For every added object, the algorithrmess
plans in the new construal using the lifted value function fromese
the previous iteration as a heuristic. (3) The algorithm trieseéo
to add every object one by one until a construal is obtainedzst
where the optimal policy is not the same as in the previouszs2
abstracted construal. If such a construal is found, the next it263
eration is started. (4) The algorithm continues adding morezs4
objects until the value of the initial state in the current con-=65
strual is the same as the behavioral utility of the initial state66
The behavioral utility U(mc,s) is the value of a state evalu-2s7
ated in the full construal under a given policy. In this case, thezss
policy is the one returned by solving the current construal.  26°
The algorithm requires making two key design choices cor-27
responding to the outer and inner loops: (1) deciding what7
order to test possible refinements of the current construal byz72
including an additional object, and (2) deciding on a planning73
algorithm that can use a heuristic to compute the optimal valuez74
and policy for a given construal. Here, for simplicity, we usez7s
a random refinement order (in the discussion we revisit thez7s

possibility of using more intelligent strategies). For the plan-277
278

279

Algorithm 1: Iterative Construal Refinement 280
Input: MDP M, index set I, initial state s 281
Output: Optimal policy * 282

283
/* Initialize */ 284
C—o 285
Vg, Ty < HeuristicSearch(M, 0, s ) 286
287
/* Evaluation outer loop */ 288
while V¢ (s) # U(nc,s) do 289
290
/* Improvement inner loop */ 2ot
forie I/C do 292
C'—Cu {l} 293
Ver, e < HeuristicSearch(M, Ve, s 1) 294
if To #; T then 295
| break 206
C C/ 297

P
298
return 7T 299

300
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Figure 3: The three core steps in LAO*. Gray area is G, circles
are states, blue state is sg, gray states are fringe states, and
dotted states are states outside G not in the fringe.

ning algorithm, we needed an algorithm that: (1) guarantees
an optimal solution, (2) works on problems with loops and
more generally on any MDP, and (3) produces a value func-
tion which may be used as a heuristic and can use an existing
value function as a heuristic. Three common planning algo-
rithms that satisfy these desiderata are: (1) value/policy iter-
ation (Puterman, (1994), (2) real-time dynamic programming
(RTDP) (Barto et al., [1995), and (3) LAO* (Hansen & Zilber-
stein, |2001). We chose LAO* since value/policy iteration re-
quires enumerating the entire state space while RTDP uses
Monte Carlo rollouts to approximate solutions, which makes
analysis of costs more difficult. Next, we review the details of
this algorithm relevant for ICR.

LAO* (Algorithm [2) works by expanding and solving an ex-
plicit graph G until it contains the solution to the problem. This
graph consists of the states explored during search (Sexplored
in Figure [2). It starts by adding the initial state s to G and
then iterates the following three steps: (1) expand to fringe,
(2) plan on G to determine the best actions in G, (3) expand
G (Figure[3). In the expand to fringe step, the algorithm does
a breadth-first search, only visiting neighboring states that lie
on the current optimal policy #°" and lie in G. When a state
is reached that does not lie in G, it is added to the fringe F.
This steps enumerates all trajectories following " from s
until states are reached that do not lie in G.

Once the fringe F' is obtained, step (2) is to perform dy-
namic programming (value or policy iteration) on G to obtain a
new optimal policy t"¢V. Finally, in step (3), we add all states
in the fringe F to G. With this new G and n"¢", we can go
back to step (1) and obtain a new fringe. This continues until
the convergence criteria are met. We know the algorithm has
converged to the optimal policy when (1) F is empty after ex-
panding to the fringe, and (2) the optimal solution in G has not
changed. The latter can be confirmed by checking the value
of the starting state V (s).

Since the state spaces of construals are often distinct, we
need a way to map a heuristic function over states in one con-
strual H to a heuristic function over states in a refinement of
that construal H,. We assign the heuristic value of a state in
arefined construal C’ (one with more objects) to be the heuris-
tic value of that state in the abstracted construal C, with the
extra objects removed. This is often a many-to-one mapping,
since there are often states in ' where the extra object can
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Algorithm 2: HeuristicSearch (LAO*) 817
Input: MDP M, heuristic H, initial state s %18
Output: Optimal construed value function V- and

policy Tt from state s

319
320

/* Initialize */
G—{sc'}
VT, nl" «— Greedy(scr, He)

while True do

/* (1) Expand to fringe */ a2
F « ExpandToFringe(MC/,sC/,nCC“,",G) 322

323
/* (2) Plan on G */

324

VR, nist « Valuelteration(M ¢, G, VE'™) a5

326

/* Convergence criteria ) sm
If‘ Fb: @ and Vn/eW(SC/) = ngrr(SCI) then 308

reak a2
/* (3) Expand G x) %0
G—GUF !
VT o VP, e -

new new
return VC, ST s34

335
336
be in multiple configurations, all mapping to the same state inss;
C where this object is removed. 338
With the initial empty construal, the lattice of construals, asse
way to map heuristics between construal, and an algorithmsso
to plan within a construal, we have all the components toss
execute the lterative Construal Refinement algorithm (Algoss2
rithm [T). This algorithm solves the resulting construed tasksss
using solutions to abstract construals as heuristics for more
refined construals. One iteration of the outer loop is visual**

ized in the Supplementary Information. 345

346
Correctness of Iterative Construal Refinement 347
As previously noted, iteratively refined construals do not>*

in general, produce admissible orderings that produce valid™*®
heuristics. However, we can prove a sufficient condition o™
the structure of a factored MDP that does produce admissible™’

orderings. Our proof relies first on the following definition: ~ **
353

Definition 1 (Lifted task construal). Given a factored tasks,
(I,9,{Mi}ic1,{Fj}jes) and construals C and C’ such thatss
C € (' < 1, aconstrued MDP lifted from C to (' is an MDPyg
My with state space Sy = S¢r, action space Ay e =357
Acr, rewards Ry = R and transition function : 358
359

(2)360

ifieC %

i 362
otherwise
363

Terer (s | s, (i a))
_ TC(SlC | sc, (i,a)) erC\C’ 15,’(=sk
T;(s; | S,’,a) erC/\{i} lsl’(:sk

Intuitively, lifting a construed MDP corresponds to adding in
new entities to a task representation without including any new
interactions or constraints. This notion of lifting a construed
MDP then plays a role in the following definition:

Definition 2 (Preserving optimal values under lifting). A fac-
tored task {I,J,{M;}ic1,{Fj}jey), preserves optimal values
under lifting if for any construals C and C’ such that C < C' <
I,andanyse Sqr :

VE () = VE(sc)

where VE‘T  Is the optimal value function of a lifted MDP

Meyer

Intuitively, preserving optimal values under lifting means that
the optimal value in a construed task is the same as the op-
timal value in a version of the task that includes additional
entities but not their interactions with the original entities. In
the supplementary materials, we show that this condition is
sufficient for ICR to return the optimal policy, as summarized
in the following theorem:

Theorem 1 (Correctness of lterative Construal Refinement).
If a factored representation (I, 9,{M;}ic1,{F;}jcs) preserves
optimal values under lifting, then lterative Construal Refine-
ment outputs the optimal policy from an initial state sy € S;.

Simulations

Although ICR is correct given certain task properties, this
does not entail that ICR makes heuristic tree search more ef-
ficient. To evaluate efficiency, we compared ICR to planning
on a full task representation in two domains. The first, Rush
Hour, preserves optimal values under lifting, while the second,
Sokoban, does not. Our results show that for both these do-
mains, ICR can reduce search costs (as measured by states
expanded and Bellman backups). We first describe the tasks
before turning to our results.

Tasks

Rush Hour Rush Hour is a sliding block puzzle game, in-
vented in the 1970s by Nob Yoshigahara. The goal is to move
a target car (the red car) to the right of the board. The board is
a 6 x 6 grid containing cars that span either two or three tiles.
Cars are oriented either horizontally or vertically, and may only
be moved forward or backward in the direction they are fac-
ing. Cars may not overlap with each other or pass through
each other. The player may move any car at any point, given
that there is a valid space for it to move to. The difficulty of
the game arises from the fact that unblocking a car may result
in another car becoming blocked. We chose to study Rush
Hour because it is a difficult task where the notion of objects
and construals arises naturally. In many Rush Hour puzzles,
some cars never need to be considered to solve the puzzle,
naturally leading to construed versions of the task. An illustra-
tive example to show how a heuristic from the initial construal
is used to plan with LAO* is shown in the Supplementary In-
formation. In Rush Hour, construals always contain the red
car. The empty construal contains solely the red target car.



364
365
366
367
368
369
370

371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397

398

399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417

We generated a dataset of 250 Rush Hour puzzles by ran-
domly placing cars on the board, and filtering out puzzles that
could not be solved or required fewer than 6 moves to solve.
We varied the number of cars on each board from 4 to 8, gen-
erating 50 puzzles for each car count. When generating puz-
zles, we also made sure that no two puzzles were equivalent
by investigating their reachable state space.

Sokoban Sokoban is a puzzle game invented by Hiroyuki
Imabayashi in 1981 where players must push boxes to specific
goal locations. Once all boxes are on a goal location, the puz-
zle is solved. There is no rule stating that a specific box must
be moved onto a specific goal location. The game is played on
a grid-world-like board, where the player can only control the
movement of the character. The board usually contains walls,
which are immovable tiles that cannot be traversed. The diffi-
culty in Sokoban puzzles comes from the fact that boxes may
be pushed, but not pulled. A box can not be pushed if the
square it is being pushed to is not empty: you cannot push a
box that is behind another box or wall. This results in dead-
lock states: board states where it is impossible for the player
to win. Unlike Rush Hour in which an action can always be un-
done, the push-pull asymmetry results in losing states where
the only thing the player can do to make progress is to restart
the puzzle. Furthermore, all boxes and goal locations need to
be considered to successfully solve a puzzle. Nevertheless,
we chose to study Sokoban because we believed heuristics
from construed versions of the task may be useful.

We generated a dataset of 150 Sokoban puzzles by ran-
domly placing the character, walls, boxes, and goalsona 5 x 5
grid, filtering out puzzles that could not be solved or requiredsis
fewer than 10 moves to solve. We kept the number of walls,;q
fixed at 6, and varied the number of boxes and goals from 2 t0,,,
4, generating 50 puzzles for each count. We also made sure,,,
that every construal in each puzzle is solvable. 422

423

Results 104

We measure computational cost using two metrics. The firs#25
counts the number of states expanded during planning to ob-#426
tain the optimal solution. Expanding a state involves obtainingsez
all the neighboring states. The number of expanded statesis
describes how much of the full state space the planning al-42e
gorithm needed to explore to arrive at the optimal solution.so
Larger values indicate the algorithm needed to look furthems
before it found a solution, whereas lower values mean the al-«s2
gorithm was able to find the solution without looking at toosss
many possible trajectories. Since we use LAO* as our heuris-ss
tic search algorithm, the number of expanded states is equalss
to the size of G (or Sexpiored in Figure 2). 436

The second metric is the number of Bellman backups. Ass7
Bellman backup is an operation where the value of a state isiss
updated by finding the maximum value of neighboring statesass
accounting for reward and transition probabilities. It is sum-so
marized in the Bellman equation used in many planning algo-
rithms including LAO* (during value iteration). The number ofi2
backups represents the amount of updates required to obtairuss

B1
B4/B3|B2

S
& &

Figure 4: A: Rush Hour puzzle and B: the optimal move. The
goal is to move the red car to the right of the board. One of
the shortest solutions is: 2<—, 411, 3———, 5T, 87, 6+,
411}, R=——. C: Sokoban puzzle and D: the first 3 optimal
moves. The goal is to put all boxes (B1, B2, ...) on a goal (G1,
G2, ...). Box B1 does not necessarily have to go on goal G1.
The shortest solution involves placing B1 on G3, B2 on G3,
B3 on G2, and B4 on G1.

G)E3

the optimal value function.

For each puzzle, we ran the iterative refinement algorithm
and computed the number of expanded states and Bellman
backups for each LAO* call. We summed these quantities
across LAO* calls and compared them to running LAO* once
on the full construal. We ran the iterative refinement algo-
rithm 10 times for each problem because the algorithm shuf-
fles the order in which construals are considered. This creates
a stochastic path through construal space.

We averaged the metrics across these 10 trajectories, and
found that the iterative refinement algorithm expands fewer
states, both in Rush Hour (Figure, 1(249) =9.41,p < .001)
and Sokoban (Figure , 1(149) = 5.73,p < .001). For the
number of backups, iterative refinement only provided a bene-
fit when planning in Rush Hour (Figure[5B, 1(249) = 4.75,p <
.001), not in Sokoban (Figure, 1(149) = —3.63,p < .001).

To find out why this is the case, we looked at the minimum
and maximum values of the metrics across the 10 repetitions
for each problem. We found that in Sokoban, the path through
the space of construals had a bigger effect than in Rush Hour
(Figure[5] bottom row). With a more informed construal search
algorithm, we expect the Sokoban backups to look more like
the Min panels in Figure [5| Another factor that may explain
the discrepancy between tasks is that planning in Sokoban re-
quires specifying the problem as an infinite-horizon MDP, with
a discount factor y < 1. This makes the number of backups
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Figure 5: Computational cost of planning in Rush Hour (A-B) and Sokoban (C-D) with Iterative Construal Refinement (ICR)
and LAO* on the full construal using the number of expanded states (|G|) and number of backups metrics. Top row are results
after averaging 10 trajectories through the construal lattice. Bottom row are results after taking the minimum/maximum of 10

trajectories through the construal lattice.

metric highly dependent on the chosen value of ¥ as well asi74
the value iteration convergence criterion €. 475
476

Problem features affecting planning cost a7

We also examined what aspects of a problem affected the ef#78
ficacy of ICR. For each problem, we calculated four features*®
of complexity: (1) number of objects (cars in Rush Hour, box-+8°
goal pairs in Sokoban), (2) difference between number of ob-8
jects and size of optimal construal, (3) length of optimal solu-8
tion (in number of moves), and (4) reachable state space size*
Increasing the number of objects in a problem increases the*®*
planning cost, and may lead to a small increase in the efficacy
of ICR (Figure [6A-B). The issue with number of objects is that'®®
it obscures more detailed information about a problem suchyss
as how many of these objects actually matter, or how manyus;
configurations these objects can be in. 488
Looking at the number of objects in the optimal construakse
C*, the construal with the fewest number of objects that stillso
allows the task to be solved, we found that Iterative Construakos
Refinement provides larger computational benefits the moressz
objects are not important for solving a problem (Figure [6|C-D) 403
This expected result arises from the fact that objects are onlyses
added to the construal if they impact the policy. The moresgs
objects are unimportant, the shorter the path through the con-ses
strual lattice, and the less computation is done. 497
To investigate the configurations of the objects, we com-ss
puted the size of the reachable state space of each problem.ss
This is the number of states that can be reached when follow-s00
ing any trajectory from the start state to a goal state in the fulkos
construal. We found that the more configurations are reach-soz
able, the greater the computational savings of Iterative Con-sos

strual Refinement (Figure [BE-F). This speaks to the efficacy
of abstract mental representations.

Past research has shown that in Rush Hour, size of the
reachable state space is not a good predictor of human so-
Jution length, a proxy for how difficult a problem is (Bockholt
& Zweig| 2015). Instead, it was found that optimal solution
length was the sole significant predictor among a series of
graph-based measures. We found that problems with a higher
optimal solution length requires more computation to solve,
but did not result in greater computational savings from ICR

(Figure [lG-H).

Discussion

In this paper, we presented lterative Construal Refinement
(ICR), an algorithm schema for combining task simplification
and heuristic tree search to reduce the computational load of
planning in tasks with discrete objects. Starting with a fac-
tored task representation in which component MDPs can be
composed to form simplified task construals, we described
how construals can be organized into a partial ordering rep-
resenting abstraction/refinement relations, and how construal
search can be seen as moving through this lattice structure.
In the ICR framework, we start with a simple construal and
iteratively refine it, using heuristics from planning in more ab-
stract construals to guide tree search. We show that given
a factored task that satisfies certain properties (i.e., that the
factored MDP preserves optimal values when lifting to more
abstract construals), this iterative process returns the opti-
mal policy in the full task. Intuitively, this properly results in
the construal lattice corresponding to an admissible ordering,
which can be leveraged by a heuristic tree search inner loop.
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), C-D number of cars not in the optimal construal (|I|—|C*

), E-F

reachable state space size, G-H optimal solution length. Sokoban results are in the Supplementary Information.

In addition, we tested whether planning over multiple con-ss
struals while sharing solutions via heuristics reduces the over-sss
all costs of planning. To do so, we created a dataset of 250sss
Rush Hour puzzles and 150 Sokoban puzzles. Running ICRsss
on these problems, and comparing the computational cost toss
simply planning on the full construal, we found significant com-sss
putational savings. These were more pronounced in Rushsas
Hour, a task which we prove produces an admissible construakso
ordering. Even though Sokoban did not satisfy this constraint s41
we still saw some computational savings, and found that thisss2
was highly dependent on the path the algorithm took throughsss
the construal lattice. 544

Taken together, our results suggest that unifying task sim-54
plification and heuristic tree search can lead to reduced plan-46
ning costs, paving the way for models of human planning that+
more accurately reflect the cognitive computations underlyings+e
problem solving. We are excited about several possible futures4e
directions opened up by this work. 550

First, how can the trajectory through the construal lattice be™'
optimized? Here, we do not address this issue since we ran-*
domly select next construals, but, as the Sokoban results sug-*®
gest, the path taken can influence total planning costs. One™*
possibility is to more intelligently refine construals by detect->*®
ing which additional factors most affect the current (abstract)**®
plan. For example, imagine planning to move the nightstand®’
using an otherwise empty construal but it turns out that the’®®
bed is what causes this plan to fail, a more intelligent refine-"*°
ment strategy could detect this possibility. Relatedly, better re->%°
finement strategies could add multiple objects simultaneously,

potentially further reducing planning costs. Future work could
study these traversal strategies to provide a more complete
picture, especially in tasks with a larger number of objects,
where the construal lattice is large.

Second, do people plan by refining construals? We pre-
sented a theoretical framework outlining an algorithmic level
explanation (Marr, |1982) of how this may happen in the mind.
Simulations show that the algorithm in fact improves the effi-
ciency of tree search, but we do not directly compare to hu-
man behavior. In ongoing work, we are exploring ways to test
the unique predictions of our account, such as that people will
be more likely to use refinement strategies that allow for ad-
missible orderings. More broadly, an important direction for
future work is to study how simplification and search interact
in complex, naturalistic tasks with qualitatively different com-
positional properties may support the use of other resource
rational planning strategies.

Finally, what is the space of possible psychologically-
plausible tree search algorithms given our analyses? We fo-
cused on LAO* as it is provably optimal (given an admissible
heuristic) and is exact and therefore more amenable to analy-
sis. However, a vast literature in both psychology and neuro-
science (Daw et al., [2005;|Callaway et al.,[2022;|Van Opheus-
den et al.}, |2023; |Kuperwajs et al., |2025) has studied the tree
search and simulation strategies that people and other ani-
mals use to plan actions. Future work will need to investigate
how task simplification may support or constrain these strate-
gies.
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Proof of Theorem (]
Admissible orderings

The first step to prove Theoremis to show that the heuristic value functions are admissible heuristics. A heuristic / is admissible
if h(s) < h*(s) for all s (Russell et al.l [1995). In this formulation, # is usually thought of as a cost function. Since value is the
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negative of cost, we have to reverse the inequality to get the following theorem:

Theorem 2. (Admissibility of Abstract Optimal Values) Given a factored task which preserves values under lifting for any con-
strual C and C' such that C < C',

VE(se) = VE(serer)

for a// SCTC/ S SC/.

Proof. For all s¢yer € S¢r,

¥

Vi(serer) = VC,C/ (screr) [Def. of optimal policy]
= g;/c/ (screr) [Identical transitions/rewards]
<VE e(serer) [Def. of optimality]
=Vi(sc) [Definition 2]

O

Given that the value functions of abstract construals are admissible heuristic, any construal visited by lterative Construal
Refinement will produce an optimal policy for that construal. This is because LAO* has access to an admissible heuristic,
guaranteeing convergence to the optimal policy (Hansen & Zilberstein, 2001).

Stopping criterion

What remains is to proof that the optimal policy for the final visited construal n’gﬁnm is the same as the optimal policy on the full
construal . Ilterative Construal Refinement last visits the construal which causes the value of the initial state under the optimal
policy in the construal to be equal to the behavioral utility of the initial state ngﬁnal (sptna) = U (nzﬁnahsc‘ﬂnal). To calculate the

¥
behavioral policy, we evaluate the policy nzﬁnal in the full construal 1, U(ﬂ:?ﬁnahsc‘final) =V, cfinl (sctnaty 7). We complete the proof
by showing that the value of the initial state s ~inaiy ; under the optimal policy of the final construal, evaluated in the full construal,
¥ *
is the same as the value under the optimal policy of the full construal V, <™ (sctnaly 1) = V}t[ (s cinaty 1), which would imply that
T = TF.
Cflnal I

Theorem 3. (Lifted Executability Criterion) Given a factored task which preserves values under lifting for any construal C and
C' suchthat C < C', and a state s+ € Sc, if

# ok
VC (SC) = VCI (SCTC’)7
then

VE(se) = Vi (screr)

Proof. First, note that

¥,
Ve (screr) 2 Ve (serer) [Def. of optimality]
TE*
= C,C (SCTC/) [Def
=Vi(sc) [Assumed in theorem]
Since V%, (scycr) = VE(sc) and, via Theorem Vi (screr) S ViE(se), itfollows that VE (sey o) = VE (se)- O

*
T ffinal

Since Cfina| c I, we have that ngﬁna‘ (Scfinal) = VI* (sCﬁ”aITI)' Due to Definition this implies VIfinaln (SCﬁnaIT]) = VI* (SCfmaIT])
which in turn implies n*dina, = 7}, completing the proof of Theorem
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Admissible ordering of Rush Hour and Sokoban

For our algorithm to guarantee convergence to the optimal policy, the tasks it is used on must produce construals that have an
admissible ordering. As mentioned in Defenition 2] this is achieved if the factored task preserves optimal values under lifting.

In Rush Hour, any rewards collected in a construal C equal those generated by lifting states into a more refined construal
C'. Furthermore, moving any car that is not the red target car results in a negative reward. Lifting a construed MDP from ( to
C’ does not consider the cause-effect relationships between the objects not in C (Definition , which means any cars notin C
can not block any cars in C. If there are no cars blocking a policy &, then the value of that policy remains unchanged, hence
VC’E‘TC, (s) = VZ(sc) for any s € S This proof that Rush Hour has an admissible ordering because of its reward structure is
outlined in more detail in Lemma[2] Since the red car is always present (even in the empty construal), this Lemma holds and we
have proved that Rush Hour has an admissible ordering.

For Sokoban, things are different. Since the number of boxes and goals is equal, and the puzzle is only solved when all boxes
are on a goal, any construal that is not the full construal I is not solvable. One way around this is to assume a construal is solved
if all construed boxes are on a construed goal location. The issue with this is that the reward structure is no longer equal when
a construal is lifted. This means that Lemmaand Lemmado not hold, and hence, there is no guarantee of convergence to
the optimal policy. As an example, consider a construal consisting of one box and one goal. The optimal policy to this construal
may not be admissible for a construal with two boxes and two goals, because the original box may now have to be moved to the
newly added goal. The original goal state of box 1 being on goal 1 is hence no longer a valid goal state, since box 1 must be on
goal 2, and box 2 on goal 1. The result is that some paths through the construal lattice in Sokoban will not have an admissible
ordering. While a subset of the lattice may have an admissible ordering, there is no guarantee that every full lattice is. This likely
explains why Sokoban does not benefit from Iterative Construal Refinement when counting the number of backups. Refining a
construal may lead the agent astray, assigning goal states which are not representative of the full task.

Lemma 1. [f, for a given task, any rewards collected in a construal C equal those generated by lifting states into a more refined
construal C', C < C'. Thatis, R/ (scycr,a) = Re(sce,a), then lifting a policy we to C' (denoted by nTCC ) gives

ok n?”l
VC (sc) ZVCT'C/ (sCTC’)'
Proof. We can use Definition to define a lifted transition function 7y~ which only includes constraints F; = (1;, f;) with a
scope I; € C, meaning no constraint has a component index i € C'/C in it.
!
If we denote a policy in MDP M as ., then we can define a lifted version of that policy as nTCC . This is in contrast to Tty

!
which defines a policy in MDP M ~; ~ without lifting a previous policy. Since the transitions and rewards in M-~ under nTCC are

1c’
identical to those in M under 7t (see Definition, it follows that VSTCC, (screr) = ng (s¢)-
! /
Denote the optimal policy ©}- for MDP M lifted to My as n?c . That is, TEZTC (alscrer) =ni(a | sc). For all states

. Tk P
scr € Ser, itis the case that Vo< (sc) = Vi (serer)-
O

Lemma 2. [f, for a given task, any rewards collected in a construal C equal those generated by lifting states into a more refined
construal C', C < C', and all rewards from actions associated with the construed objecti = C’'/C are negative, then the optimal
value function of the lifted MDP M -, ~ is the same as the optimal value function of the abstracted MDP M -

Proof. We start the proof by checking whether n?cl is the optimal policy for My, nzw,. First, the action space of My,

namely A+, can be partitioned into the actions found in M ¢, namely A, and those unique to M1+, namely 4. For a given
C’(

state s+ € S, it is clear that actions chosen by the lifted policy, {a | n? a | scr) > 0}, have greater value than any other

actions in 4, since TE’ZTC is derived from the optimal policy for M. Additionally, for any action a € A4, its value will be

okt okt ,
QC?C’ (Sc,SC//C,a) =Re(scr,a) + VCTCC’ (SC’SC//C)'

EXved *
Since action a € A1/ has no effect on sc, and s, - is abstracted away in C, we have that VgTCC/ (sC,s’C,/C) = ng (s¢).

Incorporating the result from LemmalI} the value of the next state is the same as the current state:

n*i(" , - n*TC/
Veter Gessere) =Ve(se) =Veser (serer)-
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716

77

#1¢
Since we assumed rewards associated with a € 41/~ are negative, Re(scr,a) < 0, this means that QZ?C, (sC,sC//C,a) <

/
ﬂ:>I<TC

Veser (serer)- Thus, every a € Aer)c makes the policy worse.
!
Since for all states s € 5., every action in 4¢/{a | TCZTC’ (a|scr) >0} and A~ makes the policy worse, ﬂZTC satisfies
the Bellman optimality equations for My . That is,
. e
VCTCI (Scl) = VC%‘C’ (Scl).
Since we know from Lemma[ilthat
nz‘fwl o
VCTC’ (serer) = VeC(se)
and by definition that
‘lt*
VeC(sc) =VE(se)
it follows that
Vere(serer) = VE(sc)-
O
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